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ABSTRACT: A Landau mean-field analysis is performed to study microphase separation upon cooling
in a compressible diblock copolymer with the identical compressibility for both blocks. The inhomogeneity
of free volume as well as that of the density of each block is analyzed in the weakly microphase separated
system. Excess free volume is shown to be located at the interface between microphase domains in order
to screen unfavorable energetics between dissimilar blocks. The phase diagram determined for the
copolymer is shown to be closely related to that of the incompressible counterpart. In particular, a
symmetric copolymer with no compressibility difference between blocks is found to exhibit a critical point.
It is revealed that the relevant parameters for the phase behavior of the copolymer are composition and
rTøapp, where rT is the chain size and øapp an apparent Flory-Huggins interaction parameter that is
dependent not only on temperature but also on compressibility. A model-specific form of øapp is suggested
here to describe in a unified way the effects of temperature, pressure, and chain size on the phase diagram.

I. Introduction

Block copolymers from chemically binding two or
more different homopolymers have drawn much atten-
tion from polymer society. Various microscopically
ordered structures, called microphases, are formed
owing to their nanoscale self-assembly behavior. Block
copolymers, therefore, lead to diversified applications
as thermoplastic elastomers, compatibilizers, surface
modifiers, and photoresists.1-4

Block copolymers from incompatible polymers exhibit
a microphase separation from a disordered state to an
ordered state upon cooling, which is called the upper
critical ordering transition (UCOT) behavior. The UCOT
behavior is driven by the unfavorable interactions
between polymers comprising a given block copolymer.
Ordered morphologies formed after microphase separa-
tion are divided into classical and complex morphologies.
The former includes body-centered cubic spheres (bcc),
hexagonally packed cylinders (hex), and lamellar (lam)
structures. Recently found morphologies such as bicon-
tinuous gyroid and hexagonally perforated lamellar
structures are categorized as the latter.3,4

In recent decades, extensive theoretical works have
been performed to analyze equilibrium microstructures
of block copolymers in a molten state or in solution and
transitions between them.4 In particular, Leibler applied
a Landau mean-field analysis based on the random-
phase approximation (RPA) to weakly segregating diblock
copolymer melts near spinodals.5 A general sequence of
transitions from a disordered state to a metastable bcc,
then to a hex, and then finally to a lam morphology upon
cooling was established for asymmetric diblock copoly-
mers. A symmetric one was shown to possess a critical
point, where the copolymer shows a continuous transi-
tion from the disordered state to the lam morphology
without evoking any metastable state. Leibler’s mean-
field theory was later corrected by Fredrickson and
Helfand to include fluctuation effects.6 It was shown
that for a copolymer of finite molecular weight no critical
point exists and the direct transition to the hex or lam
morphology is possible. While those theories deal only
with the classical morphologies, more advanced block
copolymer theories have emerged in order to analyze

complex morphologies.4 Harmonic corrections to the
Leibler and Fredrickson-Helfand theories have been
suggested by Milner and Ohlmsted7 and by Hamley and
Podnek8-11 to interpret the gyroid as a stable mi-
crophase between the hex and the lam morphologies.

All of the theories for block copolymers just men-
tioned4-11 are based on the common assumption of
system incompressibility. Russell et al. recently found
some diblock copolymer melts exhibiting microphase
separation upon heating, which is also referred to as
lower critical ordering transition (LCOT).12-15 There has
since been a definite need for finite compressibility
because such thermally induced microphase separation
is driven by the differences in volume fluctuations
between constituent polymers. To interpret the LCOT
behavior, especially radiation scattering or spinodals
from LCOT systems, efforts to introduce finite com-
pressibility into RPA have been exerted by several
research groups. Freed and co-workers were the first
to incorporate finite compressibility into the incom-
pressible RPA by allowing for vacancy.16-23 Other
theories have also been formulated using vacancies as
a pseudosolvent in the incompressible treatment.24-26

Recently, a new compressible RPA theory was intro-
duced by the present author.27,28 The theory is unique
in the sense that the psudosolvent technique was not
employed in formulating the theory. Akcasu’s general
compressible RPA formalism,29,30 which discards the
Lagrange multiplier for the incompressibility constraint
in RPA calculations, was used instead. Finite compress-
ibility was incorporated into the theory through effective
RPA interaction fields stemming from an off-lattice
equation-of-state (EOS) model in Appendix A, which was
developed by Cho and Sanchez (CS).31 The vertex
functions in the Landau expansion of the free energy
in packing density fluctuations for diblock copolymer
melts were formulated up to quartic order.28 A Landau
free energy density was then derived for the classical
morphologies of LCOT diblock copolymer melts. It was
shown from the Landau analysis that a general se-
quence of microphase transition upon heating (disorder
f bcc f hex f lam) is observed for LCOT systems.
However, it was revealed that LCOT systems do not
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possess a critical point. It was also shown that the
inhomogeneity of free volume is induced by microphase
separation. Excess free volume is found to be present
in the domains rich in the more compressible constitu-
ent.

It is the objective of our study here to derive a Landau
free energy density based on the CS model for typical,
but compressible UCOT diblock copolymer melts. The
unfavorable cross association between constituent poly-
mers leads to the self-assembly behavior. As the sim-
plest but the most important case, compressibility
difference between constituents is assumed to be absent,
although each constituent is compressible. A leading
harmonic is solely employed to describe a given mor-
phology, so that only classical morphologies are consid-
ered in this study. Hence, the present theory can be
regarded as a primary generalization of Leibler’s theory
for the incompressible cousins to include compressibility
effects. Microphase separation may also induce the
inhomogeneity of free volume in the UCOT systems.
Unlike LCOT systems, however, excess free volume is
expected to be present at the interface between domains
to screen unfavorable cross interactions.32 Such an
intuitive idea yields a reasonable treatment of the
packing density and free volume fluctuations. This
procedure then results in the desired analytical Landau
free energy density for the copolymers. It is shown from
the formulated Landau free energy that compressible
UCOT systems, with identical compressibilities for both
constituents, possess a critical point. The relevant
parameters for determining the phase behavior of these
compressible systems are extracted from the theory.

The present theory, based on the mean-field approach,
possesses the same limitations as Leibler’s. Chains in
a given system are assumed to be ideal. Therefore,
chain-stretching effects are not considered. Concentra-
tion fluctuation effects are also ignored in this mean-
field calculation. Improvement in the present theory by
correcting its limitations along with employing multiple
harmonics is expected to give substantial changes in the
mean-field phase diagram such as the vanishing con-
tinuous transition. Such a sophisticated treatment may
be the subject of our future study. The principal merit
of the present study on UCOT systems, though based
on the mean-field approximation, is its capability to
probe pressure effects on microphase separation transi-
tion and subsequent transitions between ordered mi-
crostructures. Such pressure-induced microphase sepa-
ration is indeed important in designing and controlling
self-assembled microstructures because normal process-
ing conditions always involve the exertion of pressure.

A diblock copolymer of polystyrene (PS) and poly-
butadiene (PBD), denoted as P(S-b-BD), is a typical
example of a UCOT system. We, therefore, choose this
copolymer as a model system. The present Landau
analysis is used to calculate the phase behavior of the
copolymer, especially changes caused by applying pres-
sure. Stamm and co-workers measured the order-
disorder transition temperature of a symmetric P(S-b-
BD) melt with varying pressure using small-angle X-ray
scattering techniques.33 The experimental results for the
copolymer are to be compared with our theory.

II. Theory

Consider a system of A-B diblock copolymers with ri
monomers of the ith component, where i ) 1 and 2
correspond to A and B, respectively, to have the overall

size rT ()∑iri). The system is allowed to be compress-
ible: there is free volume in the system. We denote as
ηi the global packing density of i-monomers that implies
the fraction of system volume occupied by all the
monomers of the ith component. Then ηi(rb) represents
the local packing density of such monomers at a position
rb. Phase segregation in the system can be probed by
considering the average packing density fluctuations,
or the order parameter ψi, for the i-monomers. The order
parameter ψi is defined as

where the brackets in eq 1 imply the thermal average.
In a Landau mean-field approach, the free energy for
the system can be expanded as a series in the order
parameter ψi as

where the F0 implies the free energy in a disordered
state and â ) 1/kT has its usual meaning. In the above
equation, the Fourier component of ψi has been used
for the convenience of subsequent manipulation of the
free energy. The qbi in eq 2 denotes physically the
scattering vector as phase segregation is often investi-
gated by radiation scattering techniques. The coefficient
Γi1...in

(n) is commonly known as the nth-order vertex func-
tion. Such vertex functions based on the compressible
RPA in connection with the CS model are explicitly
written in Appendix B.

For the analysis of compressible UCOT diblock co-
polymer systems, we perform a simple transformation
of the order parameters in eq 1 into the following ones.34

where φ1 ≡ r1/rT defines the close-packed volume frac-
tion of A monomers on copolymer chains. The φ2 then
indicates the volume fraction of B monomers and thus
φ2 ) 1 - φ1. In eq 3, η denotes the total packing density
satisfying η ) η1 + η2. The ηi is indeed equated to φiη.
It is easily seen that η1 + η2 ) 1 - ηf, where ηf implies
the fraction of free volume in the system. The -ψj 2 is
then rendered to the average fluctuations in free volume
fraction, 〈δηf〉, because ψ1 + ψ2 ) -〈δηf〉. The inhomo-
geneity of the free volume is, therefore, probed through
ψj 2. These new order parameters are convenient in the
case of UCOT systems. It can be said that ψj 2 goes to
zero as free volume is completely squeezed out. In such
a case, ψj 1 becomes the only order parameter left, to be
equal to simply ψ1. The compressible RPA then con-
verges to the incompressible case so that a direct
comparison of the present analysis with that by Leibler5

is possible. The vertex functions can be redefined in
accord with the new order parameters as

In Appendix C, the explicit mathematical expressions

ψi(rb) ≡ 〈δηi(rb)〉 ) 〈ηi(rb) - ηi〉 (1)

F - F0 )
1

â
∑

n ) 2

∞ 1

n!
∫dqb1 ... dqbnΓi1...in

(n) (qb1,...,qbn)ψi1
(qb1)...ψin

(qbn) (2)

ψj 1 ≡ 1
η
[(1 - φ1)ψ1 - φ1ψ2] (3)

ψj 2 ≡ ψ1 + ψ2 (4)

Γi1...in

(n) (qb1,...,qbn)ψi1
(qb1)...ψin

(qbn) )

Γh i1...in

(n) (qb1,...,qbn)ψj i1
(qb1)...ψj in

(qbn) (5)
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are given for the new vertex functions. It should be
perceived that both Γ(n) and Γh (n) are vanishing unless
∑i)1

n qbi ) 0.
As microphase segregation develops, each component

of the copolymer fluctuates in its concentration. The
ordered pattern is simply described as the superposition
of plane waves or harmonics. The free energy expansion
in eq 2 is approximated to the sum containing only the
most important contributions from the fastest growing
waves with wavelength q*.5 The observed ordered
structures are then represented by a set of n wave
vectors QBi’s (i ) 1, ..., n), whose lengths are all q*. There
need six and three wave vectors for bcc and hex
morphologies, respectively, and one wave vector for lam
morphology. Those wave vectors are tabulated else-
where.5 Free volume possesses no preference for a
particular block because there is no compressibility
difference between blocks. Therefore, free volume acts
as a neutral solvent. We intuitively expect that the
excess free volume is present at the interface between
two incompatible polymers in order to screen the
unfavorable interactions. The fraction of free volume
then fluctuates with the wavenumber 2|QB i|. The order
parameters to describe a given microphase morphology
can, therefore, be parametrized as

where ψj n(i)/xn and æn(i) indicate the amplitude and
the phase angle, respectively, for the order parameter
ψj i(rb).

After the consideration of phase angles to minimize
the Landau free energy, it can be shown that the free
energy is reduced to

where an and bn are identical with Rn and ân (eqs V-10,
11, 14, 15, and 26 in ref 5) for a proper microphase
morphology, respectively, in the Landau free energy by
Leibler for incompressible UCOT diblock copolymer
melts. Those values thus represent the uncoupled
higher-order vertex functions. It is noted that there is
no coupled quadratic term, Γh12

(2), because QB i and -2QB i
do not cancel out. It is perceived that ψj n(2) representing
the free volume inhomogeneity is far smaller than ψj n(1)
for the inhomogeneity of each component density. The
Π then collects the lowest-order coupled vertex functions
as

where cn is equal to 12, 6, and 2 for bcc (n ) 6), hex (n
) 3), and lam (n ) 1) morphologies, respectively. It
should be noted that those three terms in eq 9 are
nonvanishing coupled ones involving two QB i’s and one

-2QBi to sum up to none. The remaining terms involving
in ψj n(2)3, ψj n(2)4, and ψj n(1)2ψj n(2)2 are ignored because
such higher-order terms would add trivial contributions
to the free energy. Equation 8 can be further manipu-
lated to yield the following condition for ψj n(2) to
minimize the free energy:

Equation 10 shows that ψj n(2) is of the order ψj n(1)2. The
ψj n(2) is thus quite small as expected, because ψj n(1) ,
1. Putting eq 10 into eq 8 gives the final expression for
the desired Landau free energy to analyze microphase
equilibria as

The order-disorder and order-order transitions are
now to be determined by the minimization of eq 11 with
respect to the only remaining ψj n(1). It can be shown that
the Π in the second part of the quartic term is propor-
tional to 1/rT

2. Therefore, the term with Π2 is over-
whelmed by ηbn/rT, if the chain size is big enough.

III. Calculation of Phase Diagrams
The formulated Landau free energy is now applied

to a typical UCOT diblock copolymer system to deter-
mine transition temperatures. It was already mentioned
in the Introduction that P(S-b-BD) is chosen here as a
model system. To characterize the P(S-b-BD) system,
one needs various molecular parameters based on the
CS model in Appendix A. Those parameters include the
self-interaction parameter εjii, the monomer diameter σi,
and the chain size ri for pure polymers and the param-
eter εjij for cross interaction between different polymers.

In Table 1, the molecular parameters for the two
constituents, PS and PBD, are tabulated. The param-
eters just given have been used in our previous work
on introducing the present RPA theory.27 It is seen in
this table that a combined parameter, riπσi

3/6MWi,
where MW is the molecular weight of a given constitu-
ent polymer, is presented instead of the chain size ri. ri
can be obtained from setting proper molecular weights.
Subscripts 1 and 2 hereafter indicate PS and PBD,
respectively. The parameters for PS were determined
by fitting volume data of PS measured by Quach and
Simha35 to the equation of state in eq A3 from the CS

Table 1. Various Molecular Parameters for
Homopolymers Used in This Study

polymer σi (Å) εj/k (K) riπσi
3/6MWi

a (cm3/g)

PSb 4.039 4107.0 0.418 57
PBDc 4.040 4065.9 0.493 95

a This combined parameter represents the close-packed molec-
ular volume of a given polymer with the molecular weight MW.
To obtain the chain size r, MW should be given. b Volume data
are obtained from ref 35. The average error between experimental
and calculated volume is 0.000 69 cm3/g. c Volume data are
obtained from ref 36. The σ is fixed while fitting volume data to
eq A3. The average error reaches 0.001 58 cm3/g. The accuracy of
the theoretical equation of state in correlating the volume data
can be enhanced by taking σ as one of molecular parameters to
be fitted.31

ψj 1(rb) ) 2
1

xn
ψj n(1)∑

k)1

n

cos[QBk‚rb - æk(1)] (6)

ψ2(rb) ) 2
1

xn
ψj n(2)∑

k)1

n

cos[2QBk‚rb - æk(2)] (7)

δâF ) â(F - F0) ) Γh11
(2)(q*)ψj n(1)2 -

ηan

rT
ψj n(1)3 +

ηbn

rT
ψj n(1)4 + Γh22

(2)(2q*)ψj n(2)2 + 1
3

Πψj n(1)2ψj n(2) (8)

Π )
cn

2
1

(xn)3
{Γh112

(3) + Γh121
(3) + Γh211

(3) } (9)

ψj n(2) ) - 1
6

Π

Γh22
(2)(2q*)

ψj n(1)2 (10)

δâF ) Γh11
(2)(q*)ψj n(1)2 -

ηan

rT
ψj n(1)3 +

[ηbn

rT
- 1

36
Π2

Γh22
(2)(2q*)]ψj n(1)4 (11)
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model. In the case of PBD, the parameters were
obtained from fitting its volume data given by Barlow36

to eq A3, adjusting only εj22 and r2 with a fixed σ22
()σ11).37 As far as representing the volume data of pure
PBD is concerned, such two-parameter fitting does not
offer the best set of parameters. It is seen that the fitted
εj22 of PBD is similar to that of PS. This result implies
that the interaction strength for PBD per a volume unit
(∼σ11

3) is similar to that for PS. The compressibility
difference between PS and PBD is thus suppressed.
However, as was shown in our previous communication,
the cross-interaction parameter εj12 of 0.99565(εj11εj22)1/2

together with the homopolymer parameters in Table 1
yields rather an accurate estimation of cloud points for
the PS/PBD blends of low molecular weights.27 This
observation suggests that compressibility difference
between the two homopolymers is not an important
factor in describing the phase behavior of these blends.
The chosen εj12 yields [εj11 + εj22 - 2εj12]/2k ) 17.828 K,
which represents the unfavorable energetics as the
driving force of the observed phase separation in the
PS/PBD system.38 This εj12 is used in the following
calculations for the corresponding block copolymers. The
P(S-b-BD) system with their molecular parameters
indeed suits our purpose to investigate a compressible
UCOT system exhibiting no compressibility difference
between constituents.

Transition temperatures including spinodals can now
be obtained from eq 11. The spinodals are typically
determined by the vanishing linear term of the Landau
free energy, which is Γh11 here. Equation C4 shows Γh11
) η2(Γ11 - 2Γ12 + Γ22), which then yields Γ12 ) (Γ11 +
Γ22)/2, i.e., arithmetic mean, at spinodals. From our
previous communication,27,28 it was shown that the
exact spinodals are given by the vanishing determinant,
det[Γij] ) 0, which implies Γ12 ) xΓ11Γ22, i.e., the
geometric mean. In the present calculation, there is
little difference between the two spinodals given above.
Such a result is caused by the fact that εj22 employed
here is close to εj11. The Γij is approximated in the
compressible RPA to the combination of the correlation
function Sij

0 for noninteracting Gaussian chains and
the interaction field Wij as Γij ) Sij

0-1 + âWij. The
interaction field Wij, formulated from the CS model, is
presented explicitly in eqs B4-B6. As Wij describes the
effective interaction (energetic + entropic) between two
nonbonded monomers, the Wij for a long chain system
becomes independent of the chain size rT. The chains
then experience |Sij

0-1| , |âWij| because Sij
0-1 scales as

1/rT. The Wij is shown to be dominantly affected by εjij,
as can be seen from eq B6. Therefore, it is observed that
Γ11 ≈ Γ22 in the case that εj11 ≈ εj22. To illustrate this
point, Γ11 and Γ22 along with the corresponding Sij

0-1’s
at ambient pressure and at spinodal temperatures are
tabulated against composition in Table 2. It is common
sense that there is little difference between spinodals
from arithmetic and geometric means in this case.

The cubic order term in eq 11 is identical to that in
Leibler’s Landau free energy in the incompressible
situation except the packing density η. Therefore, the
cubic term vanishes at φPS ) 0.5, which yields a
continuous second order transition and a critical point.
This observation extends a commonly believed notion
on the continuous transition as a characteristic of
incompressible UCOT systems to a more general situ-
ation; the continuous transition is also characteristic of

compressible UCOT systems without compressibility
difference between constituents present.

Figure 1 shows spinodals and all the transition
temperatures for P(S-b-BD) of MW ) 20 000 at ambient
pressure. As seen in this figure, many features of the
present calculation seem similar to those by Leibler.5
A general sequence of microphase separation upon
cooling (disorder f bcc f hex f lam) is observed for
asymmetric copolymers. The spinodal line is enclosed
by the disorder f bcc transition line. All the transition
lines in Figure 1 coincide at the critical point for a
symmetric copolymer. However, there are aspects rel-
evant to compressibility. It can be seen that the phase
lines are skewed around φPS ) 0.5. The critical composi-
tion of φPS ) 0.5 does not offer the threshold of phase
lines. The threshold points are slightly shifted to the
PBD-side (φPS < 0.5). For example, the threshold tem-
perature at the disorderfbcc transition reads that Tthr
) 585.44 K at φPS ) 0.491. Such minute skewness in
the phase diagram originates in the slight difference in
the self-interaction parameters εjii’s between PS and
PBD: [εj11 - εj22]/εj11 ) 0.01.

Table 2. Uncoupled Second-Order Vertex Function Γii(q*)
along with the Inverse Gaussian Correlation Function
Sii

0 -1(q*) for the Copolymer of MW ) 20 000 at Spinodal
Temperatures and at Some Selected Compositions

φ1 S11
0 -1 S22

0 -1 Γ11 Γ22

0.104 5.337E-01 1.857E-02 248.646 248.441
0.201 1.807E-01 2.122E-02 81.500 81.499
0.301 9.777E-02 2.656E-02 45.349 45.425
0.404 6.338E-02 3.488E-02 33.686 33.817
0.498 4.671E-02 4.612E-02 31.389 31.569
0.598 3.558E-02 6.548E-02 35.145 35.391
0.690 2.860E-02 9.853E-02 47.128 47.463
0.793 2.334E-02 1.873E-01 86.840 87.355
0.899 2.095E-02 6.395E-01 304.358 305.315

a Pressure is set to 0.1 MPa.

Figure 1. Phase diagram for the P(S-b-BD) melt of MW )
20 000. Each line corresponds to a proper transition: TODT,
TBH, and THL respectively indicate disorder f bcc, bcc f hex,
and hex f lam transitions. Spinodals (Ts) are also drawn
together. It is seen that the phase diagram is slightly asym-
metric around the critical point at φPS ) 0.5.
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In Table 3, the amplitude ψj n(i) of the order parameter
fluctuations obtained at the order-disorder transition
and at ambient pressure is tabulated against composi-
tion as an illustration for the copolymer of MW )
20 000. Both ψj n(1) and ψj n(2) increase with φPS departing
from either PS (φPS ) 1) or PBD (φPS ) 0) homopolymer.
As φPS approaches 0.5, both amplitudes reverse their
trend to decrease to none, which indicates the critical
point. It is seen in this table that ψj n(2) representing
the fluctuations of free volume fraction is much smaller
than ψj n(1), as expected. Only a slight inhomogeneity of
free volume fraction is thus observed. Solving eqs 3 and
4 with respect to ψ1 and ψ2 yields ψ1 ) ηψj 1 + φPSψj 2
and ψ2 ) - ηψj 1 + (1 - φPS)ψj 2. Therefore, both the ψ1
and ψ2 for the density fluctuations of the constituents
are mostly determined by ψj 1. It can also be understood
that they fluctuate with the phase angle difference of
∼180°. Figure 2 depicts the plot of the partial view of
ψi’s for the copolymer at φPS ) 0.301 only along the
direction connecting the centers of two dispersed spheres
for the bcc morphology. The fluctuations of free volume
fraction, -ψj 2, are also shown in this figure. The excess

free volume is located at the interface between mi-
crophase domains to lower the unfavorable cross-contact
energy.

Figure 3 shows the change of transition temperatures
upon pressurization for P(S-b-BD) of MW ) 20 000 at
φPS ) 0.301. In this figure, it is observed that not only
order-disorder transition temperature, but also subse-
quent transition temperatures are increased with pres-
sure. Up to 100 MPa, the increase of transition tem-
peratures is quite linear, though there is a hint of
systematic downward curvature. This linearity in the
order-disorder transition temperature as a function of
pressure has been observed by small-angle X-ray scat-
tering experiments on a symmetric P(S-b-BD) melt by
Stamm and co-workers.33,39

Assuming the apparent linearity of the changes in the
transition temperatures, their pressure coefficient, ∆Ttrs/
∆P, for the same copolymer as in the previous figures
is extracted and plotted in Figure 4. As seen in this
figure, ∆Ttrs/∆P is composition dependent and slightly
skewed as the transition temperatures in Figure 1. The
threshold composition for ∆Ttrs/∆P is again shifted,
though slightly, to the PBD-side. It is also noted that
transitions at higher temperatures are accompanied by
higher ∆Ttrs/∆P. The ∆Ttrs/∆P lines for the indicated
transitions are shown to merge at the critical composi-
tion of φPS ) 0.5.

To investigate the effect of molecular weights on the
transition temperatures and their pressure coefficients,
the phase behavior of the same copolymer of MW )
12 400 is calculated. In Figure 5, the order-disorder
transition temperatures, Todt, at ambient pressure are
plotted as a function of composition and molecular
weight. By reducing molecular weight from 20 000 to
12 400, the critical temperature is lowered from 585.2
to 401.8 K. The enhanced mixing for smaller copolymers
is caused by the increased combinatorial entropy. The
pressure coefficients, ∆Todt/∆P’s, of the order-disorder
transition temperatures for the two copolymers are

Table 3. Amplitude Parameter ψj n(i) Determined for the
Copolymer of MW ) 20 000 at the Order-Disorder

Transition and at the Indicated Compositions

φ1 ψj n(1) ψj n(2)

0.104 2.065E-02 2.411E-07
0.201 3.710E-02 8.671E-07
0.301 4.550E-02 1.422E-06
0.404 3.395E-02 8.258E-07
0.498 1.050E-03 7.948E-10
0.598 3.430E-02 8.336E-07
0.690 4.540E-02 1.405E-06
0.793 3.780E-02 8.882E-07
0.899 2.030E-02 2.288E-07

a Pressure is set to 0.1 MPa.

Figure 2. Schematic behavior of the fluctuations in packing
densities, ψi(rb), for the copolymer of MW ) 20 000 at φPS )
0.301 only along the direction connecting the centers of two
dispersed spheres for the bcc morphology at the disorder f
bcc transition. The fluctuations of free volume fraction, -ψj 2,
are also shown after being magnified substantially. While ψi(rb)
of each block fluctuates with the wavenumber q*, the free
volume fraction does with the wavenumber 2q* in order to
screen the unfavorable cross interactions.

Figure 3. Various transition temperatures plotted as a
function of pressure for the copolymer of MW ) 20 000 at φPS
) 0.301. The changes in transition temperatures upon pres-
surization are shown to be apparently linear up to 100 MPa.
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shown in Figure 6. It is seen that the copolymer of MW
) 12 400 possesses diminished ∆Todt/∆P due to the
lowered transition temperatures observed in Figure 5.
In the symmetric cases, ∆Todt/∆P drops from ∼38 K/100
MPa for the copolymer of higher MW to ∼17 K/100 MPa
for that of lower MW. In the experiments by Stamm and
co-workers,33 a symmetric P(S-b-BD) with MW ) 14 228
reveals Todt ) ∼371K and ∆Todt/∆P ) 20 K/100 MPa.
These experimental results are indeed harmonious with
our theoretical calculations considering that concentra-
tion fluctuation effects tend to lower Todt.

IV. Relevant Parameters for Phase Behavior
It is our primary interest to elucidate the relevant

parameters for phase equilibria calculations. For such
purposes, we focus on the quadratic coefficient Γh11 of
the Landau free energy in eq 11. As Γh11 is equal to
η2(Γ11 - 2Γ12 + Γ22), the Γh11 can be rewritten by putting
Wij in Appendix B into Γij as

where fP is simply 4, and u(η), given in eq A2, describes
the packing density dependence of the attractive non-
bonded interactions. It should be noted that most terms
of the complicated Wij are canceled out in Γh11 to yield
eq 12. Introducing the dimensionless exchange energy
ø as ø ≡ â[εj11 + εj22 - 2εj12] yields

The u(η) is negative at allowable packing densities, so
it is replaced with -|u(η)|. It can be easily seen that
the Gaussian terms in the brackets are rewritten as

If we denote øfp/2‚|u(η)| as øapp, then Γh11/η becomes

After the manipulation of all the Gaussian correlation
functions,40 it can be seen that Γh11/η is indeed identical

Figure 4. Collection of the pressure coefficients ∆Ttrs/∆P of
transition temperatures plotted as a function of composition.
Each line again corresponds to the indicated transition. All
the lines coincide at the critical point.

Figure 5. Effect of molecular weight on the order-disorder
transition temperatures for the copolymer in the composition
range shown. Pressure is fixed at 0.1 MPa.

Figure 6. Effect of molecular weight on the pressure coef-
ficients ∆Todt/∆P of the order-disorder transition temperature
for the copolymer in the composition range shown. It is seen
that ∆Todt/∆P is increased with the copolymer molecular
weight at the fixed composition.

Γh11 ) η2[S11
0 -1 - 2S12

0 -1 + S22
0 -1] +

η‚2â[εj11 - 2εj12 + εj22]
fp

2
u(η) (12)

Γh11 ) η2[S11
0 -1 - 2S12

0 -1 + S22
0 -1] - η‚2ø

fp

2
|u(η)| (13)

S11
0 -1 - 2S12

0 -1 + S22
0 -1 )

S11
0 + 2S12

0 + S22
0

det[Sij
0]

(14)

Γh11

η
)

η(S11
0 + 2S12

0 + S22
0 )

det[Sij
0]

- 2øapp (15)
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to the inverse susceptibility in Leibler’s theory5 except
that the only temperature-dependent ø is replaced with
a density-dependent øapp. The øapp can be viewed as an
apparent Flory-Huggins interaction parameter. This
finding demonstrates the close relationship between the
present theory and Leibler’s. The incompressible limit
of the Landau free energy in eq 8 can be formally
obtained from setting η ) 1, although the total packing
density η cannot exceed 0.74 in the CS model.31 In this
case, ψj 2 vanishes and øapp becomes only a function of
temperature. As all the vertex functions are evaluated
at η ) 1, the Landau free energy by Leibler is retrieved.

The ø for the P(S-b-BD) melt is obtained as ø )
35.655/T from putting all the εjij’s into its definition. This
ø then gives Tøapp ) 71.310|u(η)|. The |u(η)| increases
with η in the useful η range shown in Figure 7. We can
then state the implicit dependence of Tøapp on temper-
ature, pressure, and composition. The η decreases with
T, whereas P does a reverse action to increase η. The
φPS dependence of η is slight because εj11 is larger only
by 1% than εj22. A larger εj11 renders PS less compressible
with a larger η than PBD. Therefore, η is a slightly
increasing function of φPS. From the relationship be-
tween η and |u(η)| in Figure 7, it can be said that Tøapp
is an increasing function of φPS and P, but a decreasing
function of T.41

Leibler suggested in his incompressible RPA theory
that the only relevant parameters in describing the
phase behavior of diblock copolymers are composition
and the product (øN) of a chain size and an interaction
parameter.5 As øapp is identified as an apparent Flory-
Huggins parameter, we attempt to collect rTøapp at the
order-disorder transition for the P(S-b-BD) melts of two
different molecular weights as a function of composition
and pressure in Figure 8. It is clearly shown in this
figure that temperature-pressure-MW superposition
is constructed for the order-disorder transition tem-
peratures of the copolymer. The same type of plots can
be made for the subsequent order-order transitions. It
is suggested from this figure, that the only relevant

parameters for the compressible P(S-b-BD) melts are
composition and rTøapp.

The relevant parameter rTøapp can give a unified way
to explain all the previous figures. The reduced miscibil-
ity upon pressurization,42 shown in Figure 3, is caused
by the increased contact density of unfavorable interac-
tion pairs by |u(η)|. The apparent linearity of transition
temperatures against pressure in Figure 3 can be
explained by the fact that at a fixed composition, rTøapp
at the corresponding transitions is also fixed. This
procedure implies that ø|u(η)| is constant, which in turn
yields that transition temperature Ttrs is proportional
to |u(η)| or ∆Ttrs ∝ ∆u(η). The |u(η)| is fairly linear with
respect to η in the useful range of η. The ∆u(η) is then
roughly proportional to ∆η. From the definition of the
isothermal compressibility âT (≡1/η ∂η/∂P)T), it can be
shown that ∆η ) η0âT(P - P0) + O([âT(P - P0)]2), where
η0 is the packing density at a reference pressure P0. It
can then be said that ∆η is roughly proportional to ∆P
()P - P0) as âT is usually low for polymers. Summariz-
ing all yields a conclusion that ∆Ttrs is largely propor-
tional to ∆P, as shown in Figure 3.

It is seen in Figure 4 that the pressure coefficient
∆Ttrs/∆P of various transition temperatures exhibits the
composition dependence in a fashion similar to the
transition temperatures themselves shown in Figure 1.
This result can also be explained in terms of øapp. In
Figure 1, the transition temperatures increase as φPS
approaches the threshold composition near φPS ) 0.5.
The packing density η or the function |u(η)| decreases
accordingly. The copolymer then becomes more com-
pressible. Therefore, there is more room to experience
the increase in the density of unfavorable contacts upon
pressurization, which eventually leads to the increase
in ∆Ttrs/∆P. The magnitude of ∆Ttrs/∆P for various

Figure 7. |u(η)| plotted as a function of the total packing
density η in the useful η range in which either PS or PBD
normally lies. It is seen that |u(η)| exhibits a fairly linear
increase with increasing η.

Figure 8. Relevant parameter rTøapp ()rTøfp/2‚|u(η)|) plotted
as a function of composition for the P(S-b-BD) melts of different
molecular weights at the order-disorder transition and at
several selected pressures. The L and H indicate the copoly-
mers of MW ) 12 400 and 20 000, respectively. The numbers
following either L or H represent the applied pressure in MPa.
The total packing density η is calculated at the given (Todt, P,
φPS) using eq A3. A temperature-pressure-MW superposition
is constructed for the order-disorder transition temperatures
of the copolymer.
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transitions at a fixed composition increases from lam
f hex to hex f bcc, and then to bcc f disorder
transition because of the increased compressibility in
that order. At the critical point, all the transition
temperatures coincide, which results in the observed
coincidence of ∆Ttrs/∆P.

The pressure coefficient ∆Todt/∆P of the order-
disorder transition at a fixed composition turns out to
be increased with the molecular weight, as seen in
Figure 6. Such a result is again caused by the fact that
the copolymer of higher molecular weight generally
exhibits higher transition temperatures than that of
lower molecular weight, as shown in Figure 5. The
heavier copolymer at the transition temperatures be-
comes more compressible and thus possesses larger
∆Todt/∆P than the lighter one. It is notable in Figures 5
and 6 that if copolymers with different molecular
weights exhibit the same transition temperatures, they
possess the same pressure dependence of transition
temperatures. For example, the copolymer of MW )
12 400 at φPS ) ∼0.5 and that of MW ) 20 000 at φPS )
∼0.25 reveal near identical Todt’s and indeed ∆Todt/∆P’s.
This result again demonstrates the usefulness of the
extracted relevant parameter rTøapp to describe the
compressibility effects on microphase separation in
UCOT systems.

V. Summary

A mean-field Landau free energy for a compressible
UCOT diblock copolymer has been formulated. Both the
constituent polymers comprising the block copolymer
are assumed to have no compressibility difference
between them as the simplest but the most important
case. The UCOT behavior is driven by unfavorable
interactions between constituents. The microphase seg-
regating copolymer system experiences the inhomoge-
neity not only of packing density of each constituent,
but also of free volume fraction. Excess free volume has
been shown to be present at the interface between
microphase domains to screen such unfavorable ener-
getics. The well-known sequence of microphase separa-
tion transition, i.e., disorder f bcc f hex f lam, upon
cooling is observed as in the incompressible situation.
A critical point is existent for a symmetric copolymer
in the present case with no compressibility difference
between constituents.

It has been revealed that the only relevant param-
eters in describing phase behavior are composition and
the product rTøapp ()rTøfp/2‚|u(η)|), which is dependent
on system compressibility. The elicited relevant param-
eter rTøapp has yielded the following predictions:

(1) A transition temperature at a fixed composition
exhibits largely a linear increase upon pressurization
owing to the constancy of ø|u(η)| at the transition.

(2) The pressure coefficients of transition tempera-
tures at a fixed composition increase from lam f hex
to hex f bcc and then to bcc f disorder transitions
because of the increased compressibility with the transi-
tion temperatures. Such coefficients coincide at the
critical point.

(3) The pressure coefficients of transition tempera-
tures at a fixed composition increase with the molecular
weights because heavier copolymers exhibit higher
transition temperatures and thus increased compress-
ibility than lighter ones.

The present Landau analysis has been successfully
applied to the P(S-b-BD) melt, which is our model

system here. The obtained theoretical predictions, though
based on the assumption of suppressed compressibility
difference between constituents, are considered to be
applicable to many other UCOT systems including
another widely studied diblock copolymer of PS and
polyisoprene.43
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Appendix A. Cho-Sanchez Equation-of-State
Model

Let us consider a binary blend system of two polymers
with N1 chains of r1-mers and N2 chains of r2-mers in a
fixed volume. Each polymer chain is simplified to be the
linear chain of tangent spheres or monomers, and all
monomers in the system are assumed to have the
identical diameter σ.

The Cho-Sanchez (CS) equation-of-state model31,27

for polymer blends suggests the free energy as A ) A0
id

+ A0
EV + Unb. The A0

id and A0
EV respectively represent

the ideal free energy of the noninteracting Gaussian
blend system and the contribution to the free energy
from the excluded volume effects. The Unb stands for
the attractive interactions between nonbonded mono-
mers. Each term of the free energy is written explicitly
in the following analytical equation

where N ) N1 + N2 is the total number of chains and r
) (r1N1 + r2N2)/N denotes the average chain size. The
φi is the close-packed volume fraction of i-monomers,
and thus φi ) riNi/rN. Ii and Λi imply the symmetry
number of i-chains and the thermal de Broglie wave-
length of monomers on i-chains, respectively. The
symbol zi implies the conformational partition function
of Gaussian i-chains, which will be left as an unspecified
constant here. The η denotes the total packing density
that implies the fraction of volume occupied by all the
chains. The symbol e indicates the transcendental
number of 2.718 and â is 1/kT as usual.

The u(η) in eq 1 describes the packing density
dependence of attractive nonbonded interactions as

where γ ) 1/x2, C ) π/6, and p ) 12. This functional
form for u(η) originates in the Lennard-Jones (L-J)
potential acting between two monomers. The fp in eq
A1 is a numeric prefactor associated with the L-J
potential, and simply fp ) 4. The parameter εj, defined
as εj ) ∑ijφiφjεjij, describes the characteristic energy of
the blend, where εjij implies the L-J potential depth of
the attractive interactions between two monomers on
i- and j-chains.

To apply the free energy in eq A1 to a specific blend
system, one requires various molecular parameters such
as εjii, ri, and σ for given homopolymers and εjij for cross
interactions between different homopolymers. Homopoly-
mer parameters can be obtained from fitting measured

âA
rN

) ∑
φi

ri
ln

6ηφiIiΛi
3ri

πriσ
3zie

+ {3
2[ 1

(1 - η)2
-

(1 - 1
r) 1

1 - η] - 1
r[ln(1 - η) + 3

2]} +
fp

2
âεju(η) (A1)

u(η) ) [(γ/C)p/3ηp/3 - (γ/C)2η2] (A2)
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volumetric data to the following equation of state:

where v* ( ) πσ3/6) is the volume of one monomer.
Equation A3 results from the differentiation of eq A1
with respect to volume. The cross-interaction parameter
εjij is commonly estimated as εjij ) ê(εjiiεjjj)1/2 with an
adjustable parameter ê, which can be determined from
various mixture behavior such as the heat of mixing,
spinodals, and binodals.

Appendix B. Compressible RPA
Recently, the present author developed a compressible

RPA theory to calculate the second-order monomer-
monomer correlation function Gij

(2), or equivalently Sij,
and higher-order correlation functions G(n)’s for the
analysis of phase segregation in compressible polymer
blends and block copolymers.27,28 The theory was for-
mulated from combining Akcasu et al.’s general com-
pressible RPA formalism29,30 with the CS model. The
basic idea of the theory follows the spirit of the incom-
pressible RPA by Leibler.5 The Landau expansion of the
free energy is expressed as a series in a hypothetical
external potential Ui, which is conjugate to the order
parameter ψi. The ψi can also be expanded as a series
in Ui. The coefficients appearing in the series for ψi are
the correlation functions G(n)’s. In estimating ψi, the
correlation functions G(n) are supposed to be equal to
those of noninteracting Gaussian copolymer chains,
which are denoted as G(n)0. The external potential Ui is
then substituted with Ui

eff, which is corrected as Ui
eff )

Ui + Wijψj to properly take the interaction effects into
account by an interaction field Wij. Wij replaces the
simple Flory-Huggins ø to account for the desired
compressibility effects and is formulated from the CS
model. The resultant self-consistent field equation is
solved in an iterative technique to obtain correlation
functions.28 The correlation functions then yield the
vertex functions as

It should be kept in mind that the vertex functions Γ(n)-
(qb1,...,qbn) are nonvanishing only if ∑i)1

n qbi vanishes.

All the Gaussian correlation functions used here can
be obtained from a slight modification of those in
Appendices B and C of ref 5. Those Gaussian functions
in ref 5 are to be multiplied by the total packing density
η, which indicates the diluted contact probability owing
to free volume.

The interaction field Wij is obtained from the nonideal
free energy, A0

EV + Unb, of the CS model. The Wij then
consists of the two terms Lij and εij

app, which are
formulated from A0

EV and Unb, respectively

where Lij and εij
app are given as

and

The interaction field Wij given above was first derived
for polymer blends with the close-packed volume frac-
tion φi of i-monomers. The Wij for polymer blends is then
adopted for the corresponding block copolymers with the
same φi.27,28

Appendix C. Vertex Functions upon Change in
the Order Parameters

The order parameter ψi in eq 1 is converted to a new
order parameter ψj i in eqs 3 and 4 by the following tensor
equation

where Mij is defined as

The vertex functions Γ(n) in the Landau expansion of
the free energy in eq 2 is then replaced with the proper
vertex function Γh (n) as

After some mathematical manipulation of eq C3, the
first three vertex functions Γh (n)’s can be given as

[Γh ij
(2)] ) [η2(Γ11

(2) - 2Γ12
(2) + Γ22

(2)) ηφ1(Γ11
(2) - Γ12

(2)) + η(1 - φ1)(Γ12
(2) - Γ22

(2))

ηφ1(Γ11
(2) - Γ12

(2)) + η(1 - φ1)(Γ12
(2) - Γ22

(2)) φ1
2Γ11

(2) + 2φ1(1 - φ1)Γ12
(2) + (1 - φ1)

2Γ22
(2) ] (C4)

âWij ) Lij(η) - âεij
app(η) (B4)

Lij(η) ) 3
2[ 4

(1 - η)3
+ 6η

(1 - η)4
-

(2 - 1
ri

- 1
rj

) 1
(1 - η)2

- (η - η
r) 2

(1 - η)3] +

(1
ri

+ 1
rj) 1

1 - η
+ η

r
1

(1 - η)2
(B5)

-âεij
app(η) ) âεjijfp

u(η)

η
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∂
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1
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kl

ηkηlεjkl)fp

∂
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ψj i ) Mijψj (C1)

[Mij] ) [1η(1 - φ1) -
φ1

η
1 1 ] (C2)

Γh i1...in
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(n) Mj1i1

-1 ... Mjnin

-1 (C3)

âP ) 1
v*[32 (η2 + η3)

(1 - η)3
+ η

r
(1 + η/2)

(1 - η)2 ] +
fp

2
âεj
v*

η2∂u(η)
∂η

(A3)

Γij
(2) ) Sij

-1 ) Sij
0-1 + âWij (B1)

Γijk
(3)(qb1,qb2,qb3) ) - Spi

0 -1(qb1)Gplm
(3) 0(qb1,qb2,qb3)Slj

0-1(qb2)

Smk
0 -1(qb3) (B2)

Γabcd
(4) (qb1,qb2,qb3,qb4) )

[∫dqbSko
0 -1(qb){Gijk

(3)0(qb1,qb2,qb)Gopr
(3) 0(-qb,qb3,qb4) +

Gipk
(3) 0(qb1,qb3,qb)Gojr

(3)0(-qb,qb2,qb4) +

Girk
(3)0(qb1,qb4,qb)Gojp

(3) 0(-qb,qb2,qb3)} -

Gijpr
(4) 0(qb1,qb2,qb3,qb4)]Sia

0 -1(qb1)Sjb
0 -1(qb2)Spc

0 -1(qb3)Srd
0 -1(qb4)

(B3)
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where a new tensor Vij in eqs C5 and C6 is defined as
the combination of Sij

0-1 and Mij as

It should be noted that Vi1 in eq C7 is independent of η
because Sij

0-1 is proportional to 1/η. The Vi1 is indeed
frequently employed to obtain higher-order vertex func-
tions Γ3 and Γ4 in the incompressible RPA by Leibler.5

Among various Γh (n)’s, Γh111
(3) and Γh1111

(4) are of our special
interest. As seen in eqs C5 and C6, only Vi1 is used to
calculate those two vertex functions. It can then be
easily seen that Γh111

(3) and Γh1111
(4) become identical with

ηΓ3 and ηΓ4, i.e., the product of the packing density η
and Leibler’s vertex functions Γ3 and Γ4, respectively.
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[Vij] ≡ [Sik
0 -1 Mkj

-1] )

[η(S11
0 -1 - S12

0 -1) φ1S11
0 -1 + (1 - φ1)S12

0 -1

η(S21
0 -1 - S22

0 -1) φ1S21
0 -1 + (1 - φ1)S22

0 -1 ] (C7)
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